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Recently, the theory of ratio gravity (RG) has introduced a new description of spacetime curvature
and gravity as well as dark energy. This paper proposes a quantization approach through a simple
model for RG. By solving the ratio gravity equations in Minkowski spacetime, we found there are
two wave solutions coupled to a symmetry broken scalar field. We postulate the related Lagrangian
with massless fermion doublets coupling a scalar field, and perform the related one-loop calculation.
The theory provides the non-zero and positive masses for three generations of three types of massive
fermions: apparently as leptons (electron, muon, tau), and quarks (up, charm, top, down, strange,
bottom). The predicted masses of the top and bottom quarks (181 GeV and 3.5 GeV) are close to
the experimental data. We address the possibility that RG quantization may offer mass generation
mechanism for fermions.
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I. INTRODUCTION
A theory called ratio gravity (RG) [1][2] proposed that
the curvature of 3+1 spacetime originates from a defor-
mation of a cross ratio, where a similar mathematical
structure to general relativity emerges.
In the context of cosmology, the theory predicts a com-
ponent of dynamical dark energy. Recent observations
show some evidence that dark energy may have similar
dynamics [3]. An observational best-fit polynomial plot
for w(z), with an interesting w(z) = −1 crossing,1, is
compared to the plot of w(z) of RG, with good agree-
ment. The RG theory provides an alternative explana-
tion to the expansion history, matching well with obser-
vation. (We refer interested readers to a recent and more
extensive discussion in [1]). Yet the theory so far lacks
quantization.
In this paper, we propose the principle of the quantiza-
tion of RG theory: identifying the solution of RG theory
for given spacetime geometry, postulating the related La-
grangian as a model of quantum fields, and finally looking
for a renormalization theme for the quantum observables.
We follow the principle above while working out a sim-
ple model. This paper consists of three parts. Part I (Sec-
tion 2): the Minkowski solution from RG theory; part
II (Sections 3 and 4): constructing a potential renor-
malizable Lagrangian through second quantization [9];
and part III (Section 5): the renormalization scheme and
mass generation as well as prediction of certain quark
masses. The complete renormalizable analysis is not cov-
ered in this paper; therefore, we refer the term renormal-
izable to the limited condition, i.e., up to the one-loop
calculation.
∗ chjliu@ust.hk
1 The crossing of w(z) to the line of w = −1 has been studied
in the literature of dynamical dark energy. See [4] and [5–8] for
reviews.
Some supersymmetry theories and beyond-standard-
model theories such as [10] suggest that certain fermion
masses are generated by one-loop induced couplings, the
mass generation mechanism in this paper is also caused
by one-loop amplitude, though the detail is different.
We found the theory requires the doublet structure of
quantum fields to realize the Minkowski solution from RG
theory, and the U1 ⊗ SU2 gauges (SU2 and SU2 sub-
algebra of SU3) in order to construct the renormalizable
model. The model implies there are different vacuum
expectation values (VEVs) for fermions, similar to the
two-Higgs-doublet model (2HDM) [10].
As a result, the theory derives a positive mass formula,
Mab = f
2
ag
2
bΛfer(1 − 2cagb)2e2vagb (in Section 5), for all
nine fermions (nine out of 12 fermions in the standard
model, except the neutrino family). They are apparently
different representations of the same wave solution of the
Minkowski solution from RG theory. We probe the quark
parameters by four fermion masses (up, down, charm,
and strange). Then we calculate the masses of the top
and bottom quarks (181 GeV and 3.5 GeV), which is close
to the current data [FIG. 1]. We also probe the lepton
parameters by electron, muon, and tau masses to check
the consistency of the theory. The current model does
not include the weak interactions and higher-loop calcu-
lations, the corrections to the mass formula is currently
unknown.
II. SOLVING THE RATIO GRAVITY
EQUATION IN MINKOWSKI SPACETIME
By solving the equations of RG theory–Y equation (1),
Gal-D-commuting relation (2), and RG Bianchi equa-
tions (3),
Dab′Y = Bab′Y, (1)
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2Jˆac(Y ) = JacY, Mˆa′c′(Y ) = Ma′c′Y,
Dbd′ JˆacY = JˆacDbd′Y,Dbd′Mˆa′c′Y = Mˆa′c′Dbd′Y, (2)
Dbd′Jab(Y ) = D
c′
aMc′d′(Y ) (3)
respectively, Bianchi constraints, and RG-NP equations2
in Minkowski spacetime, we set Beab′ = 0, Bhab′ =
0, Bfab′ 6= 03, and the scalar part of Bab′ 6= 0, so
Jab,Mc′d′ = 0. So the Bianchi constraints and RG-
NP equations are trivially solved with zero spin co-
efficients. The dyad differential operators are simply
∂a,b′ = σ
µ
a,b′∂µ, where σ
µ
a,b′ are Pauli matrices.
Even thought we are working on a simple case of
Minkowski spacetime, RG equations (2) and (3) have
specific differential equations to be solved because of the
definitions of curvature operators Jˆac and Mˆa′c′[1]. Thus,
the solution must respect a certain symmetry because of
the nature of the overdetermined system of differential
equations generally in RG theory.
There are two sets of solutions found (partial dif-
ferential equations): yh, yf solutions to denote the h-
component and f-component of Y. The solutions are
∂µyh = −ig k
µ
k0
(c1 + Φf1)yh, (4)
∂µyf = −ig k
µ
k0
(c2 + Φf2)yf , (5)
where Φ is a trival wave function with momentum kµ,
and f1, f2, g, c1, and c2 are parameters of the solutions.
The wave solution is found for each case, so we con-
struct the y wave (as doublet) coupled to the symmetry-
breaking scalar wave which is in the form ca + faΦ. Our
model relates different y-component solutions with same
Φ field (i.e., relates two solutions in solutions space).
Physically, it means we model a single scalar field to cou-
ple the fermion doublet.
We look for the fermion field equation, so in order to
get a coupled spinor equation for quantization, we tensor
an arbitrary spinor ξ to y:
i/∂ξ ⊗ y = g /kΦˆξ ⊗ y
k0
, (6)
where Φˆ :=
(
c1 + Φf1 0
0 c2 + Φf2
)
.
2 Both Bianchi constraints and RG-NP equations are not shown
because they are solved trivially in this paper. For details, we
refer readers to [1].
3 Bfab′ , Beab′ , and Bhab′ denote the f-component, e-component,
and h-component of the Bab′ matrix, where the f-component,
e-component, and h-component are in sl2 algebra (f,e,h) respec-
tively.
III. QUANTUM FIELDS AND R-GAUGE
In the previous section, we construct a wave equation
(6) in the doublet form of the y solution by both yh and
yf solutions. In this section, we introduce a gauge trans-
formation for the R-spinor: R-gauge. The purpose is to
create a nilpotent matrix structure in order to construct
a renormalizable model in the next section.
Throughtout the paper, we use the spinor form in L,
R components as
(
L
R
)
.
For the R-spinor, we use U(1)⊗SU(2) gauge transfor-
mation to wave equation (6) in order to create a nilpotent
matrix structure η(Φˆ′) :=

0 0 Φˆ′ 0
0 0 0 Φˆ′
0 0 0 0
0 0 0 0
, where Φˆ′ is
the R-gauge generated symmetry-breaking scalar field.
Since we need the doublet for the R-gauge transforma-
tion to create an η nilpotent matrix in order to have a
potential renormalizable model in the next section, SU2
is used as local gauge for the R-gauge.
There are two natural choices of SU2: the first is the
ordinary SU2 (called lepton-R-gauge), and the second
(called quark-R-gauge) is SU2 sub-algebra in SU3. Once
we have done the R-gauge, the transformed wave equa-
tion reads as
i/∂Ψ = g(Id4 ⊗ Φˆ− η(Φˆ′))Ψ, (7)
where Ψ is R-gauged ξ ⊗ y, and we require that ξ is
an eigen-state of /k with mass mΦ. Note, we also use
the condition that k is time-component-dominated and
∂tU  ∂xU, ∂yU, ∂zU . Other models for the R-gauge are
possible, but we do not cover them in this paper.
For the lepton-R-gauge, Φˆ′ tranforms as Φˆ′l →(
0 0
0 (c1l − c2l + Φfl)
)
. The parameters are redefined
to relate to the lepton-R-gauge. Only the difference of the
diagonal components can be kept after transformation,
and we use gauge freedom to preserve the diagonalised
Φˆ′ (for preserving the commuting property of both terms
of the rhs of wave equation (7), which is needed in the
next section).
For the quark-R-gauge,4 we found two cases (called A-
type and B-type): Φˆ′A →
 0 0 00 (c1q + Φfq1) 0
0 0 0
, Φˆ′B → (c2q + Φfq2) 0 00 0 0
0 0 0
. The parameters are redefined to
relate to the quark-R-gauge, and note that the lower right
corner position of Φˆ′A, Φˆ
′
B must be zero because we use
4 Ysing λ3, λ4, λ5, and λ8 of the Gell-Mann matrices.
3the first and second rows for the y doublet. Only one
component of the diagonal components can be kept, so
each case has one surviving component. This is similar
to the 2HDM model [10] in which there are two vacuum
expectation values for up and down quarks.
IV. THE LAGRANGIAN
In the context of inflation-cosmology, Wang explained
the spectator field [11] and how it is quantized in de Sitter
space [12]. The spectator field σ can be quantized as:
σ = vk(t)ak + vk(t)
∗ †a−k, where the mode function vk(t)
satisfies the equation of motion of σ. In this section,
we postulate the Lagrangian by first finding the related
field operators of the R-gauge wave equation. Similarly,
we introduce the Ψ field as analog to σ, and the related
mode function also satisfies the equation of motion of Ψ.
By writing Ψ as follow,
Ψ =
∫
d3p
(
s
a(x)pe
−ipx sup + eipx
s
b(x)p
†
s
vp
)
8
√
2pi3
√Ep , (8)
where u and v are massless basis spinors, and a(x) and
b(x) are unknown operators. Substituting (8) to the wave
equation (7), we have5
s
a(x)p = e
g(Id4⊗Φˆ−η(Φˆ′))
mΦ
s
a0p, (9)
†
s
b(x)p = e
g(Id4⊗Φˆ−η(Φˆ′))
mΦ
†
s
b0p, (10)
where
s
a0p and
†
s
b0p are ordinary annhillation and creation
operators for the massless fermion.
According to the kinetic-energy-operator in [9], we pos-
tulate a modified kinetic-energy-operator as follows in a
non-relativistic limit:
∫
d3p
∧
p
2
2m
ψ†ψ →
∫
d3p
∧
p
2
2m
ψ†(e
g(Id4⊗Φˆ−η(Φˆ′))
mΦ )†e
g(Id4⊗Φˆ−η(Φˆ′))
mΦ ψ, (11)
where ψ is the massless fermion field operator. Note that
because of the factor to fermion field and its adjoint, the
proposed relativistic Lagrangian of the massless fermion
is
Lfer = ψ¯(e
g(Id4⊗Φˆ−η(Φˆ′))
mΦ )†e
g(Id4⊗Φˆ−η(Φˆ′))
mΦ (i/∂)ψ. (12)
5 Use of commutativity property of scalar field operator.
We expand the exponential terms in the Lagrangian, and
make use of the approximation that the scalar field is a
small fluctuation compared to the vacuum energies of Φˆ
(e.g., f1Φ c1). We further make use of the property of
η(Φˆ′) that terminates the expansion (i.e., the nilpotent
algebraic property), and recalling the time-component-
dominated property of the scalar field, we get6
Lfer ' −
(
R† L†
)
e
2gV
mΦ (
gΦˆ′σνpνL
mΦ
gΦˆ′σνpνR
mΦ
)
+
g2L†e
2gV
mΦ Φˆ′Φˆ′σνpνL
m2Φ
+ ( R† L† )e
2gV
mΦ i/∂(
L
R
), (13)
where L and R are the left and right massless fermion
respectively, V is the doublet form of VEV in the ex-
ponent: ΦˆΦ→0. It is worth stating again that without
the nilpotent property of η(Φˆ′), the Lagrangian cannot
be renormalized because of the high power terms; this is
why we needed to introduce the R-gauge in the previous
section. The doublet nature of the y solutions and SU(2)
are closely related to constructing a potential renormal-
izable field theory.
After introducing γ5, we read off the Feynman rules
for Yukawa interactions and the pseudo interactions for
3-point-interactions (i.e., ψ¯Φψ),
igfa (gca −mΦ) e
2gva
mΦ
m2Φ
/p,
ig2cafaγ
5e
2gva
mΦ
m2Φ
/p, (14)
and the vertices for 4-point-interactions (i.e., ψ¯ΦΦψ),
ig2f 2a e
2gva
mΦ
2m2Φ
/p,
iγ5g2f 2a e
2gva
mΦ
2m2Φ
/p, (15)
where fa, ca, and va are the corresponding parameters
(v is the VEV in the doublet V ) for the lepton, quark
type-A, and quark type-B indexed by a. In particular, cl
is c1l − c2l.
The propagators for the fermion field and scalar field
are ie
−2 gvamΦ /p
p2 and i
1
k2−m2Φ
respectively. We use the or-
dinary symmetry breaking scalar field Lagrangian (Φ2-
theory) to model the Φˆ′ field.
V. MASS GENERATION
We calculate the one-loop amplitude for Yukawa in-
teraction (the external momentum of the scalar field is
zero) and self-energy of the fermion.7 Note that we
6 Interaction terms with field derivative changed to momentum.
7 We perform the one-loop calculation by the symbolic software
FeynCalc 9.2.0[13] .
4need the pseudo interaction vertices during the one-
loop calculation; however, we only focus on the one-
loop amplitude of the non-pseudo interactions because
they are related to the mass generation for our model.
Finally, we make use of the MMS scheme as follows:
→ 1− log( piµ2
mΦ
2 )+log(µ2MS)+γ−1+2 log(pi)
.
Similar to [14], we may put tree-level and one-loop-
level contributions together. First, we define the virtual
counter term (∆1) with the relationship to the one-loop
amplitude of 3-point-interaction: (i∆1g)/p = amplitude,
where
∆1 =
pi2g2f 3a log(µ
2
MS
) (gca −mΦ)
(
2gca (2gca −mΦ) +m2Φ
)
e
2gva
mΦ /(m4Φ). (16)
Since the massless fermion causes /p = m (defined as
infinitesimal fermion mass) → 0, the amplitude can be
finite as the infinity from the virtual counter term × m
can be finite. We call this finite-renormalization. The
self-energy of the fermion provides the virtual counter-
term (∆2):
∆2 =
pi2g2f 2a log(µ
2
MS
) (mΦ − 2gca) 2e
2gva
mΦ
2m2Φ
. (17)
Unlike the ordinary renormalization method that adds
a counter-term to subtract infinity from the loop am-
plitude, we harmlessly add infinitesimal mass m to the
interaction term. To include both tree-level and one-
loop-level contributions, we define the rescaling factors
Z1 = 1+∆1, Z2 = e
2 gvamΦ +∆2. The renormalized interac-
tion term is −gψ¯(Z1m)ψ. The renormalized Lagrangian
is then
Lre = ψ¯(Z2i/∂)ψ − gψ¯(Z1m)ψ + LΦ′ . (18)
To recover the usual Dirac field as the effective La-
grangian, we have Z1 = Z2. Considering this condition,
equation (16), and equation (17), implies cubic roots of
the g-polynomial to get the effective massive Dirac field,
and we set mΦ → 1 as our convention:
2f(cg − 1)(2cg(2cg − 1) + 1)− (1− 2cg)2 = 0. (19)
Observable mass is defined as M = Z1m, and it can be
expressed as:
Mab = f
2
ag
2
bΛfer(1− 2cagb)2e2vagb , (20)
where Λfer =
pi2
2 m log
(
µ2
MS
)
, a and b indices denote
different types of fermions (electron-type, up-quark-type,
down-quark-type) and different roots of the g-polynomial
as generation indices respectively. The constant Λfer sets
the mass-scale constant for fermions, and the expression
of mass M provides three roots for each generation for
two cases: lepton type and mixing of quark-A type and
quark-B type for the electron’s and quark’s families re-
spectively. Since we do not cover the electromagnetic and
weak interactions in this paper, we can only identify the
quark favours by the mass values.
Finally, we re-define the fermion field and /∂ to get the
normal form of the Dirac Lagrangian:
Lnorm = ψ¯ab(i/∂ −Mab)ψab + LΦ′ . (21)
To probe and check the consistency of the calculated
masses versus the experiment data, we use mass data
from particle group [15].8 The following values of pa-
rameters are found: c2l → 5.38738, c1l → 0.560435, fl →
−0.492108, c2q → 0.77389, c1q → −2.69423, fq1 →
−0.489652, fq2 → −0.50368, where we make use of the
following data: fermion masses including electron, muon,
tau, and quarks (u, d, s, c). The predicted masses of the
top quark and bottom quark are close to the current data
(181 GeV and 3.5 GeV) [FIG. 1]. Because of the lack of
inclusion of the weak bosons contributions and higher-
loop calculation, the corrections are not known yet.
The values of the parameters are not totally arbitrary,
because the g-polynomial (19) allows only certain f val-
ues for real roots of g and a given c value. For example,
if c is 1.39 (i.e., 174 GeV), f is only allowed in the range
−0.56 < f < 0.
It is theoretically appealing that mass formula (20)
provides a positive mass solution in which the theory
gives rise to a mass gap.
VI. DISCUSSION
In previous work [1][2], we introduced RG theory to de-
scribe the mathematical structure of gravity and apply it
to the problem of dark energy. In this paper, we develop
the quantization principle and illustrate it by solving
the equations of RG theory in the context of Minkowski
spacetime, postulating the related Lagrangian, and cal-
culating the mass formula.
We discover that the theory may offer a mass gener-
ation mechanism which apparently predicts the masses
of the top and bottom quarks. The theory also suggests
that the lepton family and the quark families are origi-
nated by different SU2 algebras of gauge transformation
of the cross ratio context y. Interestingly, the genera-
tions of fermion may be explained by three distinct roots
of cubic polynomial (19).
We propose the future development of theory to in-
clude the weak interactions because the massive W and
8 Higgs mass=125.18 GeV, electron mass =0.512 MeV, muon
mass=105.7 MeV, tau mass=1.777 GeV; quark masses for u,
c, and t are 2.7 MeV, 1.275 GeV, and 173.1 GeV respectively;
quark masses for d, s, and b are 6.75 MeV, 95 MeV, and 4.18
GeV respectively.
5FIG. 1. Fermion mass logarithm plot: electrons data
(square), up quarks data (circle), down quarks data (trian-
gle) [15]; the two top-right lines are the predicted top and
bottom masses from mass formula (20) with known experi-
mental data: fermion masses including electron, muon, tau,
and quarks (u, d, s, c). Other lines are plotted to show the
consistency of using the mass formula to match the experi-
mental data to the parameters of the model.
Z bosons should contribute to the mass formula. The full
renormalizability of the theory with more complete set of
standard model interactions should also be covered next.
A complete quantization of a gravity theory must
include the curved-spacetime geometry. We leave the
application to the curved-spacetime geometry by the
principle of quantization stated in this paper to the
future work.
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